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ABSTRACT

Production planning is a major activity in the manufacturing or processing industries. A good plan helps the
company lower its expenses, increase profit, or both. However, the worldwide economy is made up of closely
related systems. Thus, a small change induces fluctuation in the supply chain. Although a production plan is
based on the predicted demand, economic fluctuations make prediction difficult. Therefore, coping with
production risksof uncertain demands heavily depends on the judgment and experience of the producer or
customer. In addition, the reuse of recyclable products has become a major approach in reducing resource
consumption because of environmental consciousness. Thus, a closed-loop supply chain has replaced the
traditional supply chain to facilitate recycling, accommodate reprocess, ease environmental degradation, and
save on resource costs. This study thus considers a production plan in a closed-loop supply chain, where
periodic orders of retailers are adjusted and described byfuzzy quantities. The goal of the producer is to
maximize profit while trying to satisfy these orders to the greatest extent. Fuzzy Set Theory is applied to
construct a Fuzzy Chance-Constrained Production Mix Model (FCCPMM) to enable the risk attitude of the
decision maker to be adopted to address uncertainty. Theoretical evidence is supported by numerical illustration.
Keywords—closed loop supply chain, reprocessing, multi-order, backorder, fuzzy chance-constrained model,
optimality and parametric analysis.

l. INTRODUCTION
When a new product is due for release,
information about its future demand is incomplete.

Fuzzy Chance-Constrained Production Mix Model
are proposed with a discussion of their parameters. In
Section 4, we use a numerical example to show how

Although many forecasting methods exist to estimate
future demand, most of them need a large database
for statistical analysis. If the historical information is
limited, retailers can only estimate the demand by
their own intuition or experience. A gap exists
between the retailer’s wants and the manner of
expressing these wants to the producer because of the
vagueness of natural language, which causes
difficulty for the producer in determining the
production plan. To resolve the problem, this study
considers a multi-retailer and multi-period production
planning problem in a closed-loop supply chain
system, where the orders are regarded as fuzzy
quantities. To cope with the fuzzy demands induced
by the subjective judgment of retailers, we propose a
Fuzzy Production Mix Model (FPMM) based on
Fuzzy Set Theory. Using the concept of fuzzy
chance-constrained  programming, FPMM s
transformed into a computable model, which
integrates the planning preference of the decision
maker to deal with uncertainty. Parametric analysis is
performed in this study. The structure of this paper is
as follows. Section 2 briefly reviews closed-loop
supply chains and Fuzzy Set Theory and its
applications. The problem is stated in Section 3, and
the formulation of Fuzzy Production Mix Model and

the model works. Section 5 discusses the conclusions
of the study and recommendations for future
research.

1. LITERATURE REVIEW

The accurate estimation of demand is an
important issue because the main purpose of a
production plan is to satisfy demand. However,
demand forecasting is often affected by many
complicated factors. The uncertain and variable
nature of demand almost makes the exact estimation
impossible to predict. We have proposed a
deterministic model as a basisfor investigating the
features of the problem (Wang and Lin, 2014), but
we also want to find out the main uncertain factors
that affect the result of the analysis and the
complexity of the model. Demand uncertainty is the
main source among these factors. Thus, this study
focuses on this issue and finds a resolution in coping
with this uncertainty. Fuzzy Set Theory is adopted in
analysis and modeling because of the subjective
preference of consumers embedded in the demand of
products. In the following sections, we briefly review
closed-loop supply chains and the basic idea of Fuzzy
Set Theory and its applications.
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2.1 Remanufacturing and the Closed-loop Supply
Chain System

Environmental sustainability has become a
serious issue in recent years. Therefore, researchers
exerted significant efforts to ease the degradation of
the environment. Remanufacturing provides many
benefits, such as reducing the prices for customers
and the usage of material and energy resources (Lund
and Hauser, 2010). The stages from raw material
processing to the delivery of products to customers
are the only issues that concern traditional supply
chains. However, remanufacturing entails that used
products should be recycled in the factory for further
reprocessing, which means that the logistics from the
customer to the factory must be addressed. A
closed-loop supply chain (Guide, Harrison, and Van
Wassenhove, 2003) includes forward and reverse
logistics; these methods facilitate the reuse of
materials, reduction of energy consumption, and
slowing down of environmental deterioration.

2.2 Basic Concepts of Fuzzy Set Theory

Fuzzy Set theory generalizes the notion of the crisp
set to cope with vague expressions. Based on Zadeh
(1965) a fuzzy set is defined as below:

Definition 1 Fuzzy Set

Let X be the universal set, a fuzzy set A can

be expressed as

A= {x,pu500)|x € X, 1 € [0,1]} "
wherep; is a membership function. It indicates that
the degree of x belonging toA.

In Fuzzy Set Theory, fuzzy number plays an
important role in many applications. Fuzzy number is
described in terms of a number and a linguistic
modifier. Before defining fuzzy number we first
introduce a kind of crisp set called a — level set.
Definition 2 o —level set(Zimmermann, 1986):

A crisp set of elements which belong to a fuzzy
set A at least a degree o iscalled a —level set of A
defined by4, = {x|usz(x) = o, € [0,1]}.

Based on Kilir et al (1997), fuzzy number can
be defined as follows:

Definition3  Fuzzy Number:

Let A be a Fuzzy Set of the real line R. A is called
fuzzy number if the following conditions are satisfied
(1). Ay is not empty.

(2). A isaconvex fuzzy set.

(3). A, isaclosed interval for a € [0,1].

2.3 Fuzzy Chance-Constrained Programming
Chance-constrained  programming  resolves
optimization problems under uncertain conditions.
Instead of finding an optimal solution that satisfies
the  constraints, the  main  concept  of
chance-constrained programming is in finding an
optimal solution that is feasible within a confidence

the uncertainty induced by fuzzy quantities. We
introduce Possibility Theory first because this model
is developed based on this theory.

231

2.3.1Possibility Theory

In Possibility Theory, possibility measure is used to
describe uncertainty estimation of a fuzzy event. To
define possibility measure, it is necessary to define
the possibility distribution. Based on Zadeh (1977),
possibility distribution, possibility measure and
necessity measure can be defined as follow:

Definition 4 Possibility Distribution (Zadeh, 1977):
Let X be a variable which takes values in a universe
of discourse U. Let F be a fuzzy subset of a universe
of discourse with its membership function uz.Given
a proposition, Xis F,Facts as an elastic constraint on
the values that may be assigned to X. The proposition
“X isF” is translated into
R(X) =F 2
Associates a possibility distribution, my, with X
which is postulated to be equal to F. The possibility
distribution function my(u) is defined to be
numerically equal touz(u), i.e:

Ty (W)=pp(u) 3

Although my (u) is numerically equal touz(uw), they
have different meanings. uz(u)describes the degree
of compatibility that u fits the fuzzy subset
F ,whereas m,(u) indicates that the degree of
possibility that X is u given the proposition X isF.

The possibility measure and necessity measure
are developed based on possibility distribution.
Definition 5 Possibility Measure (Zadeh, 1977):

Let mybe the possibility distribution associates
with X and A is a non-fuzzy subset of U. The
possibility measure, w(A), is defined by

(A) = POSS(X € A) = supy,eamy(u) 4

Definition 6Necessity Measure (Zadeh, 1977):

Let mybe the possibility distribution associates
withX, A is a non-fuzzy subset of U. necessity
measure,NEC (X € A), is defined by

NEC(X € A) = 1 — sup, egemy(u) (55

2.3.2 Fuzzy Chance-Constrained Program

Fuzzy chance-constrained programming uses
the linear combination of possibility measure and
necessity measure to describe the chance of validity
of constraints. Let F be a fuzzy number with
membership functionuz, and A is a subset of real
domain R. Linear combination of possibility measure
and necessity measure, calledm; measure, is defined

by

interval. Fuzzy chance-constrained programming . (FeA)=APOSS(FeA) + (1 — 1) NEC(FeA) )

(Yang and Ilwamura, 2008) is proposed to deal with
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The notations used in (6) are a bit different from (4)
and (5), but they imply the same thing.
Acan be regarded as optimistic indicator. Higher A
indicates that decision maker is more optimistic about
the chance of a fuzzy event.
If the decision maker wants to maximized its
optimistic return value, the fuzzy chance-constrained
programming model can be constructed by
maxmax f

X f

Subject to
m,l(f(x,f) Zf) > o
my(g;(x,§) <0) = qa;,i=1,2,...,n.
XEF
&is a fuzzy number. 3)

f(x,&) is the original objective function which
contains a fuzzy number. g;(x,&)is the original
constraint which contains a fuzzy number. Fis the
feasible region of x.
If the decision maker wants to maximized its
pessimistic return value, model can be constructed by
max mfinf
Subject to

m(fxd <f)=«a
m,;(g;(x,§) <0) = qa;,i=1, 2,...,n.(8)
X€EF
Besides, take into consideration both optimistic and
pessimistic aspect about return value, the model is
constructed as following form:
max, (f X m]gxf + (1 - B) x ming g)

Subject to

m(fxd=f)=a
ml(f(x'f) < g_) =a
m,;(g;(x,§) <0) = qa;,i=1,2,...,n. (9)
X€EF

.4 Concluding Remarks

This section reviews the concept of a closed-loop
supply chain system and Fuzzy Set Theory. On the
one hand, the development of a closed-loop supply
chain system helps companies reduce cost and ease
environmental degradation. On the other hand, Fuzzy
Set Theory deals with the uncertainty that results
from the vagueness of natural language.

Demand in production planning is usually
uncertain and has significant variations from
economic fluctuations. Thus, it seeks mathematical
approaches to help companies make decisions.

However, statistical analysis requires large datasetto
achieve such goals. Therefore, the accuracy of
prediction would be affected by the number of data
on hand. Data may be inaccessible in some cases.
Thus, the decision maker or customer can only
predict demand based on his or her own intuition.
Under these circumstances, the use of Fuzzy Set
Theory is helpful in determining the optimal
production plan. In the next section, we utilize Fuzzy
Set Theory to address a production planning problem
in a closed-loop supply chain system with demand
uncertainty.

I1l. THE PROPOSED MODEL

3.1 Problem Statement

In this study, we consider a single-product producer
with multiple retailers. The retailers estimate their
own market demands and place orders to the
producer at the beginning of the planning horizon.
Each order indicates the number of products that a
retailer needs for each period. The orders are
inseparable. Thus, the producer is not allowed to
satisfy only a partial quantity that each order requires.
The quantities of the products that they need are
estimated and undetermined until the delivery period
because retailers cannot precisely forecast demands.
This observation implies that retailers may alter the
requirements before the delivery period4ven though
the order was placed at the beginning of the planning
horizon. The producer may choose to accept or reject
the orders because the capacity may be limited and
outsourcing is forbidden. However, to maintain
retailer loyalty and to prevent losing retailers in such
an uncertain environment, the producer may
determine a minimum acceptance ratio of the given
orders with respect to each retailer.

According to  environmental  protection
regulations, the producer is responsible for collecting
used products. Thus, collection cost exists at each
period when the market lifespan of a product expires.
Whenever a used product is returned to the factory,
the producer can dispose of the returned products or
reprocess them so that they can be sold to retailers as
new ones in the following periods.

The goals of a producer include figuring out the
orders that should be accepted and executing
production activities to maximize profit under
uncertain conditions. This study develops an
analytical mathematical model to support the
decision of the producer in achieving such goals.
Figure 1 shows the structure of this study.
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Figure 1 Activity flows of the proposed production plan

To analyze this type of production process, we first propose the Fuzzy Production Mix Model. The model is
then transformed into a Fuzzy Chance Constrained Production Mix Model (FCCPMM)to facilitate the
computation.

3.2Fuzzy Production Mix Model (FPMM)

The notations are first defined as below:
T Planning horizon.
U Product lifespan period.
P Net profit.

TNO; Total number of orders retailer j gives to producer, j=1,2,...J.
D} Df =[d},d/,df], a triangular fuzzy number which is the quantity of products retailer j
needs at period t. t=1,2,...,T and j=1,2,...,J.
Y Collection rate.

Cy The capacity of machine k, k=1,2,...,K.
CRM,  The quantity of resource machine k used for per unit of processing, k=1,2,...,.K.
CM, The quantity of machine k used for per unit of reprocessing, k=1,2,...,K.

CL Inventory limit of new product.
CRL Inventory limit of returned product.
MRSO;  Minimum acceptance ratio of orders for retailer j, j=1I, 2,...J.

The retailer j's maximum tolerable delay periods (0 < dl; <T — 1).
REV Unit revenue of sold product.
PC Unit processing cost.

WWW.iiera.com 216IPaae



Hsiao-Fan WangInt. Journal of Engineering Research and Applications www.ijera.com
ISSN : 2248-9622, Vol. 4, Issue 12( Part 6), December 2014, pp.213-236

RPC Unit reprocessing cost.

HS Unit holding cost of serviceable product.
HR Unit holding cost of returned product.
DC Unit disposal cost of returned products.
SC Setup cost for processing or reprocessing.

oc Ordering cost.
BG Unit backlogging cost of retailer j, j=1, 2, ..., J.

RC Unit recycling cost.

xt The quantity of products processing in period t, t=1,2,...,T.

y The quantity of products reprocessing in period t, t=1,2,...,T.
ist Inventory of new product at the end of period t, t=1,2, ...,
irt Inventory of raw material at the end of period t, t=1,2, ...
imt Inventory of used product at the end of period t, t=1,2,...
zt The quantity of products disposed of in period t, t=1,2, ...
mt Setup variable. 0-1 binary variable, t=1,2, ...,T.

nt Ordering variable. 0-7 binary variable, t=1,2,...,T.

’

t

NN~

b].“ The quantity of products supplied in period t’ for retailer j’s order of period t,
t=12,...T, t’=tt+1,...T, j=1,2,...J.
ot The quantity of raw materials ordered at period t, t=1,2,...,T.
rt The quantity of products recycled at period t, t=U, U+1, ..., T.
s]t Binary variable, t=1,2,...T and j=1,2,...J.
Then, the Fuzzy Production Mix Model (FPMM) is proposed as follows:
FPMM
Maximize REV YT, ’ 15 Df = X{_{(PCx" + RPCy" + DCz* + SCm* + RCr* + HSis" +
OCxnt+HRirt+HMimt—y Z/Z —27’ t=maxt’—dlj, 1t'BCbjt"*(t"—¢) (10)
Subject to
— : 11)
ist =ZZ bjt PristTl 4 xt+yht=1.2,..,T
7 t' =max (1,t—dlj)
imt=im™Y+ot —xt =1,2,..,. T (12)
irt =irt™t +rt —zt —yt =12,...,T (13)
J t-U+1 (14)
rfSyz 2 b' Ut =00+,
j=1¢ =max (l,t—U+1—dlj)
t—U+1 (15)
rt+1>yz z bt e=0,U0+1,..,T
j=1t"=max (1,t-U+1-dl;)
min #dl; +¢,T) (16)
Bt o Bt of i — —
Z b 2D xs/,j=12,...], t=12,..,T
t =t
CMyxt + CRM,y* < C,,t =12,...,T,k=12.. K an
ist<CL,t=12,..,T (18)
irt <CRL,t=1.2,..,T (19)
imt <CML,t=1,2,..,T (20)
ye<irt',t=12,..,T (21)
Tt o (22)
Zt=1 Sj = MRSO; XxTNO;,j =1.2,...,]
xt+yt<Lxmbht=12,..T (23)
ot<Lxnit=12,..,T (24)
s]tsﬁ t=12,. T,]—1,2,....,] (25)

t
tt' t t. t e R t ot t .t H H
b X, y', Z',r', o', imtare positive integers. SJ- M°,N°,W,k;, ¢; are binary variablese{0,1}.

fis an integer.
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L is a large number.

Fuzzy demand,which is denoted by 5}, is assumed as a triangular fuzzy number. The objective function
is to maximize net profit, which is equal to the difference between revenue and total cost.Constraints (11) to
(13) refer to the inventory flow conservation of serviceable products, returned products, and raw materials.
Constraints (14) to (15) calculate the number of products returned at the end of each period. Constraint (16)
ensures that, once the order is accepted, the supply for the order must be greater than the quantity of products
that the order specifies before the latest delay period or at the end of the planning horizon. Constraint (17) is the
capacity limitation of a factory. Each production activity consumes resources. Constraints (18), (19), and (20)
refer to the inventory limitations of serviceable products, returned products, and raw materials, respectively.
Constraint (21) describes the largest number of reprocessed products for each period. Constraint (22) requires
that the number of accepted orders for retailer j must exceed the minimum acceptance ratio of orders provided
by each retailer. Constraints (23) and (24) define the setup and ordering actions:x* + y¢ > Oindicates that
processing or reprocessing has been executed. Thus, the setup cost for this period should be
counted;otherwisem® is zero, which means thatno production activity has occurred during this period. If
o' > 0, then the producer orders raw materials in this period. Thus, the ordering cost of this period should be
counted; otherwise, nfis zero,and no ordering cost applies for this period. Constraint (25) ensures that the
producer will not accept a zero-quantity order. Constraints (10) and (16) contain the fuzzy number, D'jf, which
induces the uncertain violation of the constraints.

Dfis denoted by [d],df,df], where df,df, and dfare the lower bound, mean, and upper bound,
respectively. The membership function of Ej”is defined as a linear triangular form, as shown in (26). The special
case,d} = df = df, implies that the order is deterministic with the membership function defined by 1 if x = dj;

otherwise,the function is defined by 0.

(. —t
if di =d) =d;j:
t
X274 i dt <x<d!
d;—-d;
—t
di=X gt <x<d|
dj—d:t :
ﬂﬁt_(x):< ’ ! (26)
! 0] ,otherwise
t
if di =d} =d;
0 i x;td}
1 Jif x=d}

.y

A gap may be induced between the real profit and the estimated one because fuzzy demand is uncertain.
The estimated value may depend on the risk preference of the decision maker, which could be aggressive or
conservative. To incorporate the preference of the decision maker in planning, we apply fuzzy
chance-constrained programming to transform FPMM into Fuzzy Chance-Constrained Production Mix Model.

3.3 Fuzzy Chance Constrained Production Mix Model (FCCPMM)

This section develops Fuzzy Chance-Constrained Production Mix Model (FCCPMM), which is based on fuzzy
chance-constrained programming,to cope with the fuzzy demands induced by the ambiguity of retailer
judgment.

3.3.1Derivation of the Membership Functions & Measures
Giventhe membership function ofﬁjf X sfin (27), the membership function,Zﬁ=1 >r, 5]? X sf,can be
obtainedby applying the extension principle (Hsien, 2010 and Zadeh, 1975), as shown in (28).
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~

if ss =landd!=d) =d;:

X_gtj - t t
W Ny gjgx<dj
I a; (27)
—t
di=x  fdi=x=d}
d; —d}
o ,otherwise

Hise st (X)) =1 .
if si=1andd=d)=dj:

o JF X = d]

1 Jf x =d]
if s; =0:

o JAF X =0

1 JF X =0

if iis‘l #0and igg‘]sj :tiid}s‘j ;tiiatjs} :

j=1t=1 j=1t

j=1t=1-- NN Aot ShaPTR (28)
it 2 2 disi<x< > dis]

Me
M—l
ek}

1l
N
i
N

j=1t=1
J T
if > >'si=0
j=1t=1
0 Jf x#0
1 Jif x=0

We definecost functionh(u) andprofit function P(v,D) as below:
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T
h(uw) = Z(PCxt + RPCyt + DCzt + SCm' + RCrt + HSis* + OCn® + HRir' + HMim?) (29)

t=1
J T t
_zz Z BCHY (¢ —t)

T
_ J ~
P(v,D) = REVZ Z st x Df —h(w)
j=1

t=1 -
Since P(v,D) is also a fuzzy quantity, the membership function of P(v,D) is shown in (31):

if iisj #0and iig‘] xS, ;tiidj xs! ¢iiaﬂ xs!

(30)

j=1t=1 j=1t=1 j=1t=1 j=1t=1
z+h(u) G- g0
- d; xs;
REV ;gilXI H L < t t < t t
o , if REVY > djxsj—h(u)<z<REV) > djxs|—h(u)  (31)
ZZ(d;_gz)xsj j=11t=1 j=11t=1

J T J T _
i , if REVY Y dixst —h(u)<z<REVY Ydjxst —h(u)
Z“Z;(dj_d})xstj j=1t=1 j=1t=1
i
u, =(z2)= 0 , otherwise
Pv.D) 1T I T J T J T
it D°>s] ¢Oandzzgjxs‘]= dodixsi=>>"djxs]
j=l1t=1 j=1t=1 j=1t=1 j=1t=1
J T
0 ,if z#REVY > djxs| —h(u)
=1 t=1
J T
1 , if Z=REV) > djxs;—h(u)
j=1t=1
J T
if > >'s{=0
j=1t=1
0 if z#0
1 , if z=0

To formulate FCCPMM, we recall that one of the features in chance-constrained programming [Constraint
(7)] is to maximize f, provided that the chance of the original objective function greater than f is at least
greaterthan a given confidence level. Hence, the first step is to construct the m,-measure for the fuzzy event,
P(v,D) = f. We first derive thepossibility and necessity measures for the fuzzy event, P(v,D) > f, as shown
in (32).
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J T J T J T
if > ) si=0and Y > df xs) = zz Exs) ;tZZd,xs :
j=1t=1 j=1 t=1 j=1 t=1 j=1 t=1
1, Jif REVZZd;xsg—h(u)zf
j=1t=1
iiﬁ‘-x’ f+h(u)
j=1 t=1 s REV ; STt F ST
e — JfREVY Y djxsi > f>REVY > dixs|—h(u)
Zz(d;_dwxs; =1 1 =1 1
j=1t=1
0 | if f>REVZZd xsj —h(u)
j=1 t=1
- i J T J T ‘ J T J T7t
POSS(P(v,D)2 f)=1if 2. 2.8; #0and 3 > djxsj=3 5 djxsj =3 > djxs;:
j=1 t=1 j=1 t=1 j=1 t=1 j=1 t=1
J T _
1 Jif REVY Y d| x| —h(u) > f
j=1t=1
_ J T
0 Jif £ >REVY > dixs| —h(u)
j=1 t=1
. (32)
it > >'s;=0
j=1 t=1
1 Jif 0> f
0 Jif £>0
J T J T J T
if ZZS #0and Y D dixsi=> Y dixsi=> > djxs!:
j=1t=1 j=1 t=1 j=1 t=1 j=1t=1
J T
1, Jf REVY > d|xsi—h(u)> f
j=1t=1
iidt_x o f+h(u)
e J J REV J T J T
= L if REVY Y dixs; > f>REVY >d|xs;-h(u)
(dt_dl )Xst j=1t=1 j=1t=1
_ J T
0 ,if f>REV dfxs}—h(u)
j=1t=1
- J T . J T 3T
NEC(P(v,5)> )=1if 3 s #0and 33 dixs =3 Ydfxs) =3 3d) xs):
j=1t=1 j=1t=1 j=1t=1 j=1t=1
J T _
1 Jif REv;;d;xs;—h(u)zf
Pk
. _ J T . .
0 Jf £>REVY > dixsi —h(u)
j=1 t=1
3 T (33)
if >si=0
j=1t=1
if 0> f
if >0

The my-measure for fuzzy eventP(v, D) > fis defined by (34)
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T

casel:if iisj #0and izgj xS} ¢iid: x| ¢iia‘j xs:
=

j=1t=1 t=1 j=1t=1 j=1t=1
1T _
1 if REVY > dxs| —h(u)z f
j=1t=1
g f+h(u
ZZ(d;_Zglj)xs;_(l_ﬁ)X REE/) T b T (34)
S if REVY Y dixsi —h(u)> f >REVY. >'d! xs| - h(
zz(d: *Qtj )><S j=1t=1 j=1t=1
j=1t=1
S f+h(u)
leldjxj_ REV J T _ ) T
A if REVY >'d; xsj —h(u)> f >REVY > d} xs} —h(
ZZ(dJ_d})Xstj j=1t=1 j=1t=1
j=1 t=1
J T
. 0 if f>REV dixs' —h(u)
M, (P(v,D)2 f)= ;;’ :
J T J T J T J T _
case 2 : if ZZS‘J¢0andzzg‘1xs‘1:ZZd}xsj:ZZd‘,xs‘J:
j=1t=1 j=1t=1 j=1t=1 j=1t=1
1T _
1 if REVY > dxsi—h(u)> f
j=1t=1
_ J. T
0 it f>REVY Y'djxs|-h(u)

case 3 : if iis‘, =0

=1 t=1

We apply a similar procedurefor the other original constraints with fuzzy numbers. Possibility and
necessity measures for the fuzzy event, Z?:&W’ " b].” > Efsf,are defined by (35) and (36) because
Constraint (6) is the only constraint with a fuzzy demand.
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J T J T J T J T —t
if ZZsj:&Oandzzg‘stjysZZd xsj;tZZdjxs'j:
j=1 t=1 j=1 t=1 j=1 t=1 j=1 t=1
J T
1 if REvz;Hd}xs;—h(u)zf’
=
L gt g fh(u) (35)
ZZ PXSj— REV 3T _ b T
B fREVY > djxsi>f>REVY > d!xsi—h(u
Zz(atj _dt Yx st =1 t=1 =1 t=1
j=1 t=1
J T _
0 if f>REVY > djxs;—h(u)
j=1 t=1
J T J T J T J T
POSS(P(v,D)> f)=1if ZZS‘J:&Oandzzg‘jxstj=ZZdij:=ZZdeSJ
j=1 t=1 j=1 t=1 j=1 t=1 j=1 t=1
J T
1 if REVY >'djxsj—h(u)> f
j=1 t=1
_ J T
0 if f >REVZ“z;d;><sj—h(u)
=
J T
if > >'s\=0
j=1 t=1
1 ifO>f
0 if f>0
J T J T J T —t
if ZZS #0and ) >'d x ];tZZd}xs‘j;tZZdjxs‘j:
j=1t=1 j=1 t=1 j=1 t=1 j=1 t=1
] T _
1, Jif REvz;;g‘jxs;—h(u)zf (36)
=
iidt‘x . f+h(u)
— = REV . LRGN SapL
L If REVY D dixsi>f >REVD > d]
Z];;(d;_dll )XS: j=1t=1 j=1t=1
=
_ 1T
0 , if f>REV d}xs}—h(u)
j=1 t=1
_ _ J T J T J T,
NEC(P(v,5) )=if 35} #0and 3 Y ) xs) = > 3'df xs) =3 34 x5,
j=1 t=1 j=1 t=1 j=1 t=1 j=1 t=1
J T B
1 Jf REVD D dixsi —h(u)> f
j=1t=1
_ J T
0 if f>REVZ;tzl:djxst—h(u)
e
J T
if > >'si=0
j=1t=1
if 0> f
if >0

The m;-measure for fuzzy eventP(v, D) > fis defined by (37)
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J T J T J T J T _
casel:if Y Y'si#0and Y Y d)xs =Y Y di x| ¢ZZdtj xsh
j=1t=1 j=lt=1 j=1t=1 j=1t=1
J T
1 if REVY Y d|xsj-h(u)= f
j=1t=1
S f+h(u
3. 2 s} - (1- ) ) iy iy (37)
B2e if REVY > djxs} ~h(u)> f >REV ZZ xs| -
YCRINE
j=1t=1
13- f+h(u
MRS o
AR if REVY Y djxs} ~h(u)> f 2REV) Y d]xs] ~(
zz(dj_d})XS: j=1t=1 j=1 t=1
j=lt=1
: iin '
_ 0 Jif f >REV d. xs:—h(u)
M, (P(v,D)>f)= Er=a
J T J T J T J T*t
case2:if Y. Y'st #0and Y Y'd\ xs\ =Y Y dixs; =) > djxs!
=1 t=1 j=1t=1 j=1t=1 j=1t=1
1T B
1 if REVY > dxs|—h(u)> f
j=1 t=1
_ I T
0 it f>REVY Y d}xsi —h(u)
j=1t=1

case 3:if iis =0

j=1t=1

For other original constraints with fuzzy numbers, we apply the same procedure as above. Since constraint (6) is
min { (t+dl

the only constraint with fuzzy demand, possibility and necessity measures for fuzzy event Z bjt’t >
Dyesyeare defined by (38) and (39).
if s'=landd!=d) =d};:
min(t+dl; T )
H t.t t
1 ,if Z_:b it =d]
min(t+dl; T ) (38)
> bit —df min(tii:l,— T .
r=t if di > b >d"%
’ =i
d; _ Qtj i rom j
min(t+dl; T )
R t tt
0 Jif d > th ;

min(t+dl; T)

POSS( > b!* =D!s')=

]

if st =1andd!=d}=d}:

t =t min(t+dl; T )
H tt t
1 Jf S bt =d!
t'=t
min(t+dl; T)
H t t.t
0 Jfdi> Sbt
t'=t
if s} =0
min(t+dl; T)
H t.t
1 Jif - > bt =0
t=t
min(t+dl; T )
H tt
o ,if 0> E b;
t'=t
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if ' =landd!=d)=d;:

min(t+dl; ,T)

1 Jf o D> b >d; and
t =t
min(t+dl; T)
th."'—dt. in(tdl; T)
j i . min(t+dl; T) 39
= Jfdy > Sbit >dt 9
d; —d; v=t
min(t+dl; T )
- t tt
0 Jif dj > tZ;bj
min(tdl; T) oot t_ gt _ gt .
NEC( > bj"=Disi)=1if s;=1andd;=d;=d;:
= min(t+d|j T)
1 it 3 byt =dj
t'=t
min(t+dl; T )
0 it di> > by
if stj =0
min(t+dl; T )
1 if > byt =0
t=t
min(t+dl; T )
- t.t
0 Jf 0> Db

t'=t

min (t+dl;,T)
t'=t

The m,-measure for fuzzy event (3, bj“, > D/s/) is defined by (40)
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if s'=landd!=d}=d;:
min(t+dl; ,T)
1 Jif Zb” >d]
—t min(t+dl; T )‘
Adj+(1-A)x Zb}-t —dj _,  min(tedl; T) (40)
— re Jfdj= > bt >d!
dj *d; t=t
min(t+dl; T )
Zb;i _g[j min(t+dl; T) .
o . t tt
Ax— Jifdi= Sbit >d)
i 9 vt
min(t+dl; T)
0 if df > ;b}"'
min(t+dl; T) - — B
M,( D bi*=Disi)=1if si =landdi=d) =d}
t'=t min(t+dl; T)
H tt t
1 Jif ;bj >dj
min(t+dl; T)
0 Jif di> S bi*
t'=t
if s;=0
min(t+dl; T)
1 if >bit =0
t'=t
min(t+dl; ,T)
. o
0 Jif 0> >°b;
=t

3.3.2Property of m; Measure for Uncertain Event

Letg,(P(v,D) = f) = %;D)f) wheredfs/ # ds' # dfsf forsometandj, then g; can be derived as

follows:

J T
0 Jif F<REVY Y d'xsi-h
e (41)
-(1-4) . e F ty ot
— if REV ZZ xs| - <f<REVZZdj><sj—h(u)
REVY Y (d] -dj)xs; me e

- ) 1T 1T
Jif REVY Y d xs{ ~h(u) < f <REV ZZ
jAt

= t=1

j=1 t=1
- J T —_
0 Jif f>REV ZZd;xs -
j=lt=l
Let S;and S, be two different sets Where
T T (42)
s, _{x|Zde f<x<ZZd;s;

t=1j= t=1j=1

and
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Theorem 1
s S S @ —dhst
= —t
Zio1%j1 @ =)
whenf € S,.
Proof: see Appendix A.

, |92(P(v,D) = f)| is maximized whenf € S;, otherwise g, (P(v,D) = f) is maximized

Ais the optimistic value, a larger A makes the higher m; measure. Figure 2 showsm,; measure with
differentAsettings under case 1 in m;-measure of eventP(v,D) > f.

12

— —lamda=0
\ lamda =0.5

\ lamda = 1

1000 2000 4000 5000 6000 7000 8000 5000

Figure 2m; (P(v, D) > f)with Different 1

3.4The Proposed Fuzzy Chance-Constrained Production Mix Model
First, some assumptions in modelling FCCPMM are given below

(1). All orders should be placed at the beginning of a planning horizon; otherwise, a fuzzy demand of
0(0,0,0) will be assumed.

(2). If the order of the retailer is not accepted by the producer, i.e., s]F is zeroor the order is deterministic,
which means that ds’ = dfsf = djs/, then the total supply for the order should be the same asds; .

(3). The total supply for any order, Dy, is less thands; .

(4). The confidence levels, such asg, ajU ,and ajL, are greater than zero.

Then, the complete Fuzzy Chance-Constrained Production Mix Model is formulated:

FCCPMM
Maximizef
Subject to
T — T ]
— + h(u _
max | 0,4 X ZZdjtsjt—fTV() >-Lx(1-w)+8 XZ (djt_d]?)sjt (44)
t=1j=1 t=1j=1
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T J — T J
f+h(w)
max( 0, ) Y (d = Ad)s — (1 =D | = —Lxw+ fx Y ) (df - d)sf (45)
t=1j=1 t=1j=1
T J T J (46)
— —t .
F— REV x Z Z dist + h(u) < REVZ Z(d,. — df) x miniw, s°)
t=1j=1 t=1j=1
B T J 47)
w < maxi0,  — REV x Z Z dtst + h(w))
t=1j=1
LN , (48)
isfzist_1+xt+yt—zz bl t=12,..,T.
> t' =max (t—dlj,l)
imt=imt 1 +ot —xt,t=1,2,...,T. (49)
irt =irtl+rt —zt —ytt=12,..,T. (50)
t—U+1 (51)

]
rtSyxz z BT e = U U+ 1,0, T,
Jj=1max (t—=U+1-dl;,1)
J t—U+1 , (52)
rt+1 >y><z Z b' Ut e =U,U+1,..T.
Jj=1 max (t—dlj,l)

min (dlj +t,T)

6t gt
Zt':t b] d;

in| 1, 1—st2 = > ol — Lxki—-Lx(1=c),t=12..Tj
min | 1, max s/ max(d — i, 1) @ j (1-¢) J (53
=12,..,].
—t min (dl i +t,T) et
Ad st + (1 -y peet  gee
min | 1, max| 1 — s, 7 L / Ll > ajL -Lx(1- kjt), (54)

max(d; —d}, 1)
t=12.,T,j=12..,J.
min (dlj +t'T)b?’t,

t =t J
t_t
max (dj gj,l)

t

: t U t t t _
min| 1, max 1—51-,1 Sa -5 +1+L><kj+L><(1—cj),t—1,2,

(59)
LT =12,

min (dlj+t,T)
t'=t

—t
max(d; —df,1)

=12,...,T,j=12,..,].
min §dl; +t,T)

73
bj — dtst

—t
Adist+(1—2
. G S; ( )X 7 gaju—sjt+1+l:><(1—kf)'t (56)

min | 1, max 1—sj,

, . _ .
bjt’t - djtsjt < (dj — d]-t) X mln(k-t,sjt),t =12,..,T,j=12,..,]. (57)
t =t
dlj+t
Kt < max| 0, Z B —dfst | t=12,.,T,j = 1,2, ..). (58)
t =t
¢f = minfdf —df, 1), t = 1,2, T,j = 1.2, 0, ). (59)
dlj+t (60)
t,t t .t _ L
bt 2 disf,t = 12,..T,j = 12,...).
t =t
CMyx*+ CRM,y* < C,,t =1.2,..,T,k=12..,K. (61)
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ist<CL,t=12,..,T. (62)
irt <CRL,t=12,..,T. (63)
imt <CML,t=12,..,T. (64)
yi<irt™!',t=12,..,T. (65)
¥ _ .1 sf = MRSO, X TNO,j = 1,2,...,]. (66)
xt+yt<Lxmbt=12,..,T. (67)
of <Lxn't=12,..,T. (68)
st<d,t=12..Tj=12..]. (69)

xt,y* 0, imt, irt, is*, 2%, r*are positive integers, S;,m',n',w,k/, c/are binary variables €{0,1}.

b].“'is positiveand integral.
A, B and ajU,ajL € (0,1]
L is a large number.
fis a large number.
Constraints  (45) to (47) represent M;(P(v,D)=f)=B . If f + h(w) is greater
than REV x ¥1_, Zle d}sf , Constraint (45) has to be satisfied; otherwise, Constraint (46) must be satisfied. If

Zlezle s]-t is equal to zero because S is assumed to be greater than zero, then? must be less than zero.
. . in (dl; +t, ! ~ in (dl; +t, !
Constraints (53) to (60) represent Constraintsa’ > M, (Z?:: jren b* = Df x sjt) > ajL.IfZI:}IZt( jren bt >
djf,which indicates that Constraints (54) and (56) have to be satisfied; otherwise, (53) and (55) shall be satisfied.
min i +¢,T)

O b/ must be zero. Furthermore, if

In addition, if s]F is zero, then constraint (57) also ensures that )

sfis zero, thenM; (Zj}l:t(dl" en b* =Df x sf) is always 1, which extends the upper bound to least 1 to satisfy
the constraint. Constraint (59) ensures that if the demand is deterministic, then the total supply for the order
should be ds;.

Theorem 2:

If ¥I_, Z§=1 st #0,d'st # dfs' # dfs/for some B >0, then the maxumum fis

REV(Y Y (d} - 4d| )=} = £33 (d} —df )xs})
— — ~h(u),if A< p (70)

=
I
=

i(a‘j—d;)xs;)-h(u) ifA>p

t=1

REV( > > d) = st —

1 t=1

J
j=

L)
M(_.

Il
=

Proof: See Appendix B

3.5 Parametric Analysis

Aandp are based on the risk attitude of the decision maker. The goal of this section is to analyze the effects of
these two factors on cost structures and objective values to assist a decision maker in setting the parameters.
Suppose that the decision maker changes his attitude towards the risk parameters after the production plan is made
and wants to adjust 4 and g, the feasibility of the original optimal solution after the adjustments are made is in
the interest of the current researchers because adjusting the production plan may be costly.
3.5.1Feasibility of g

Theorem 2indicates that once B is increased to £', Constraint my (P(v,D) > f) = ' is always infeasible.
Therefore, the adjustment region of B for model feasibility is (0, £].
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3.5.2Feasibility of 4
To find such a region, we first notice that A affects the feasibility of two types of constraints, namely,
af <M(Bf 2 D! xs) < a’ andm,(P(v,D) = f) = B.Therefore, the adjustment of 2 must satisfy these
constraints. To satisfy Constraintml(P(v, 5) > f) > B, the region of Amust be [A,1]. This region indicates
that the adjustment of A is at least positive so that the constraint will not be violated. Hence, we only focus on
M;(Bf = D xs') < a” because a higher Aproduces a higher value ofM;(Bf = D! x s/). We then suppose
that My-(B} = D} x sjt)* is the optimal value. The value of 1, A > A*then becomes of interest, such that
my (Bf = Df x sf) <a”. To achieve this goal, we letA = 2" + 8, whered > 0. We know that m, (-) —
my+(-) = §(POS(-) — NEC(+)). For any’, 8(POS(-) — NEC(-)) must be less than a]-U —my+(*) so that the
al -m; ()
POS()—NEC(-)
less than 1 — A"becauseA € [0, 1]. The overall minimum & to satisfy the constraints M,(Bf > D' xs/) < a/
is

original optimal basis is still feasible. Therefore, § must be less than min ( ). In addition, & must be

< ajU —my-(°)

8min < min POSC) = NEC(_)) ,1—29) (71)

tj

3.6 Concluding Remarks
This section develops the Fuzzy Production Mix Model, where the orders provided by retailers are
assumed to be fuzzy quantities.To deal with the uncertainty issue, Fuzzy Chance-Constrained Production Mix
Model is introduced using the concept of fuzzy chance-constrained programming. The properties and parameter
analysis are investigated. The advantage of such a model is the incorporation of the preferences of the decision
maker into the planning stage.

V. NUMERIACAL EXAMPLE
In this section, we use a numerical example to illustrate the operation of FCCPMM by giving the input
parameters. Table 1 is the periodic-order list placed by retailers. Each order is a triangular fuzzy number that is
represented in the form of (g;, df, Jf).TabIes 2 and 3 define the input parameters and capacities, respectively.
Without loss of generality, the confidence levels are assumed to beaV = ajUanda'L = ajL for j=1,2,....J.
Using the optimization software package, ILOG Cplex v12.5, Tables 4~8 list the output of the results of

which the optimal value for ]_f is 4,756, which means that the realprofit of at least 4,756 has a probablility of
50%. While the shadow blocks in Table 4show the ordersthat should be accepted by the producer to maximize
net profit; Table 5 summarizes the optimal production activities. Then, each entity (t, t”) in Tables 6, 7, and 8
shows the number of products supplied to the retailers’ t"-period orders from t’ period.

Table 1 Periodic Orders Given by Retailers

Retailer R1 R2 R3 R4
Order

1% (80,85,90) (60,95,100) (70,78,85) (77,88,99)
2M (80,96,100) (100,110,120) (80,90,110) (110,115,120)
31 (120,150,170) (130,160,190) (160,170,180) (140,152,200)
4" (140,160,190) (150,180,190) (150,170,180) (100,200,300)
50 (100,110,120) (50,60,70) (20,30,50) (100,250,400)
6" (50,60,70) (50,70,80) (10,20,30) (200,300,530)
70 (1,2,3) (0,1,2) (1,2,3) (3,4,36)
g™ (80,85,90) (60,95,100) (70,78,85) (77,88,99)
oM (80,96,100) (100,110,120) (80,90,110) (110,115,120)
0™ (120,150,170) (130,160,190) (160,170,180) (140,152,200)
11" (140,160,190) (150,180,190) (150,170,180) (100,200,300)
12" (100,110,120) (50,60,70) (20,30,50) (100,250,400)
13" (50,60,70) (50,70,80) (10,20,30) (200,300,530)
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Table 2 Input Parameters

Parameters value Parameters value
T 13 periods BG, j=1,...4 [4, 5, 6, 5] dollars/per product
] 4 retailers RC 2 dollars/per product
K 4 machines ocC 20 dollars /per product
U 3 periods REV 15 dollars /per product
TNO,;,j=1,...4 [13,13,13,13] order PC 10 dollars /per product
r 0.7 RPC 7 dollars /per product
CL 500 new product HS 7 dollars /per product
CRL 150 returned products | HR 5 dollars /per product
MRSO0;, j=1,....4 [0.80.70.50.4] HM 3 dollars /per product
CML 150 raw materials DC 2 dollars /per product
i, j=1,....4 [1 21 0] periods SC 30 dollars/per period
aV 05 B 0.5
at 0.8 A 0.5
Table 3 Resource and Consumptions of Processing and Reprocessing
machine k 1 2 3 4
Total Capacity of machine k 800 1000 1400 500
Unit consumption of processing 1 unit product for 3 5 7 2
machine k
Unit consumption of reprocessing unit product for 1 2 4 1
machine k

Table 40ptimal Orders Combinationwith Confidence Level = 0.5 anda? = a’ = 0.5

Retailer R1 R2 R3 R4
Orde
1 (80,85,90) (60,95,100) (70,78,85) (77,88,99)
2" (80,96,100) | (100,110,120) | (80,90,110) (110,115,120)
3™ (120,150,170) | (130,160,190) | (160,170,180) | (140,152,200)
4" (140,160,190) | (150,180,190) | (150,170,180) | (100,200,300)
5" (100,110,120) (50,60,70) (20,30,50) (100,250,400)
6" (50,60,70) (50,70,80) (10,20,30) (200,300,530)
7" (1,2,3) (0,1,2) (1,2,3) (3,4,36)
g" (80,85,90) (60,95,100) (70,78,85) (77,88,99)
o (80,96,100) | (100,110,120) | (80,90,110) (110,115,120)
10" (120,150,170) | (130,160,190) | (160,170,180) | (140,152,200)
117 (140,160,190) | (150,180,190) | (150,170,180) | (100,200,300)
12" (100,110,120) (50,60,70) (20,30,50) (100,250,400)
13" (50,60,70) (50,70,80) (10,20,30) (200,300,530)
Total accepted orders 11 10 7 7
Accepted/Total orders 0.85 0.77 0.54 0.54

Table 5 Optimal Production Activities

eriOd t 1St 2nd 3I’d 4lh 5[h 6[h 7lh 8[h gth 10th 11th 12th 13“’]
number
Process, X' 200 | 200 | 200 | 120 | 121 | 121 38 114 | 104 | 125 | 113 | 116 | 114
Reprocess, yt 0 0 0 104 | 138 | 138 | 150 | 150 | 150 | 131 | 150 | 147 150
Disposed, 7' 0 0 0 0 0 34 2 59 0 34 0 59 132
Recycled, rt 0 0 140 | 139 | 137 | 184 | 152 | 209 | 131 | 184 | 147 | 209 132
Inventory, is' 0 0 3 0 41 0 0 0 44 0 73 0 0
Inventory, irt 0 0 140 | 139 | 138 | 150 | 150 | 150 | 131 | 150 | 147 | 150 0
Inventory, im' 0 0 0 0 0 0 0 0 0 0 0 0 0
Materials, o' 200 | 200 | 200 | 120 | 121 | 121 38 114 | 104 | 125 | 113 | 116 | 114
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Setup, m' 1 1 1 1 1 1 1 1 1 1 1 1 1
Ordering, n' 1 1 1 1 1 1 1 1 1 1 1 1 1
w 0

Table 60ptimal Periodic Allocation for Retailers (R1, R2, R3, R4)—Supply From Periods 1,2,3,4 with

Confidence Level § = 0.5 anda? = a! = 0.5

|y 1st 2nd Srd 4th
Order
1" (34,0,78,88) (51,0,0,0) 0 0
2" (59,0,90,0) (37,0,0,0) 0
31 (0,160,0,0) 0
4" (113,0,0,150)

Table 70ptimal Periodic Allocation for Retailers (R1, R2, R3, R4)—Supply From Periods 5,6,7,8 with
Confidence Level 8 = 0.5 anda? = a! = 0.5

UDply 5th 6th 7th 8th

Order

1% 0 0 0 0

2nd 0 0 0 0

3 0 0 0 0

4m (47,0,0,0) 0 0 0

50 (110,31,30,0) (7,0,0,0) (0,29,0,0) 0

6" (60,70,20,300) (56,0,0,0) 0

7n (2,1,2,4) 0

gm (81,95,0,88)

Table 8 Optimal Periodic Allocation for Retailers (R1, R2, R3, R4)—Supply From Periods 9,10,11,12,13 with
Confidence Level 8 = 0.5 anda? = a! = 0.5

S 9" 10" 117 12" 13"
Order
1st 0 0 0 0 0
2nd 0 0 0 0 0
3rd 0 0 0 0 0
4th 0 0 0 0 0
5th 0 0 0 0 0
6th 0 0 0 0 0
7th 0 0 0 0 0
8th (4,0,0,0) 0 0 0 0
oth (96,110,0,0) 0 0 0 0
10th (140,160,0,0) (10,0,0,0) 0 0
11th (0,180,0,0) (0,13,0,0) 0
12th (110,56,30,250) (0,4,0,0)
13th (60,70,20,0)
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V.  CONCLUSION AND FUTURE RESEARCH

In this study, we consider a production planning problem with multiple retailers and multiple planning
periods in a closed-loop system. We apply Fuzzy Set Theory to deal with uncertainty, which is induced from the
ambiguity of retailer judgment, because demands are usually not deterministic at the beginning of a planning
horizon. We develop the Fuzzy Production Mix Model according to Fuzzy Set Theory and employ the concept
of fuzzy chance-constrained programming to construct Fuzzy Chance-Constrained Production Mix Model.
Properties and parametric analysis of the FCCPMM are investigated. Therefore, by allocating right amount of
products to right retails at right time, the satisfactory level of the retailers could reach to the highest.

Future research should consider that many companies produce multiple types of products, and the
interrelationship between different products will become more complex. For example, the parts of one product
may be used in another type of product. In such cases, modeling a multi-product production planning will be
more useful in terms of reducing resource cost and easing environmental degradation.
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APPENDIX A
Let Df = (d},df,d/), where the membership function is

-’77
if d ==d ==d; :
<t — d*"
df‘ gt-' JfF dY = <Y = dj
=
a >t
— : JF dE = xt =d |
JL‘S}(XE):< d; —dj
o ,OoOthervwise
else :
o JF XY == df
= t t
a JAF x| = d]

the membership function of Df x s/ is
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( —t

if s =1landd) =d, ==dj :
xt —d"
1= ifdY =Xt <d
aj —dj
— B
i 7> ifdl=xt =d}
dj —dt
. o ,Otherwise
g o (X5 ) =19 . . . —t
if s, =1andd; =d; =dj :
o Jif x| = d}
1 Jf Xt =dt
if s; =0:
o JF X =0
| 2 Jif x, —0

Now we are going to show the membership function of fuzzy addition of two fuzzy sets. Take two fuzzy sets,
says Df x sfand D x s, we deal with five different cases
Case 1. si # 0andd} # d # d.. for k=jt

In this situation, two fuzzy sets becomes fuzzy numbers, using a — level cut, we can calculate the fuzzy
addition of these two fuzzy numbers:

t gt
(D22 > @ > xf 2 a(df — df) + d, for k=ji
k™ %k
al—xf,
@z
Hence the range of xf is [a(d} — d}) + df, di — a(d} — d)], and the range of interval addition is
[ X Tpegn(dh — db) + Zhepn b Skeg g b — & X Tery(dh — db)]
Since a € (0,1], this means that
Yke() i} dj, —a x Zke{/’,i}(dltc - d/i) =zforz € (Zke{j,i}iﬁ ;Zke{j,i}(dltc - Q}tc) +Zke{j,i}ilt<]
and
Dkelj,i} dj —a x Zke{j,i}(d_ltc - dltc) =zforz € Qe dj — Zke{j,i}(‘zltc - dltc) ) ke () i} di]

> a - xf <d —a(df —d.), for k=j,i.

Therefore the membership function Df x sf + Df x sf is

z— > d'
ke{j,i}_J . t t
3 3 it > dy<z< ¥ dj
I My dt ke{ i} ke{ i}
kelii}y | keliiy
—t
#g ~‘t(X): ke{Zid}j_Z ; t Tt
sy Dis _tJ‘ 5 Jf > dj£Z< >dj
ke{j,i} ke{j,}
>dj— > dj
ke{j,i} ke{j,i} )
0 ,otherwise

Case 2: s; # 0fork = j,tandd} = df = df, but df # d # d;
Since Mt st (xf) =1ifxf = df and zeroifx/ # df, by using extension principle it is obvious that the

membership function of D/ x s/ + D x s{ is
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-

z— >
ke{ji}_J t t
3 — Jf > dy<z< > d
s di— 3 dt kelii} kel1.}
kelTit | kelqdiy >’
—t
Hoy o5, (2)= |<{Z'id}j_Z : t pr
ke{zj;l}Dij ij’ 3 ,|f Z djSZ< Zdj
Zdtj— S dt ke{].i} kel .}
kel 1} kelTit
0 ,otherwise

Case 3: s # 0andd}, = d = d}. for k=j,t

In this case, since upe ¢ (xf) = 1ifx} = d}, and zero ifx; # d}, by using extension principle the membership

J
1 if z= 3 d

H nt t nt t H —
function of D x s + D; x's; thereforeis p 2 Bgsg(x)_

ke{1i} 0 ,otherwise

Case4: sf =0, s{ =1

Since s/ = 0, the membership function of D/ x s/ + D/ x s{ is equals to the membership function of

Df x st
Case 5: sf =0 for k=t,j

In this case, it is very trivial that zero is the only one number whose membership function is 1, and the

remaining numbers are zeros.
Finally, by integrating these 5 cases, we get

. —t .
if >si=0,andd| =d; #d« fork =t, j
ke{ j,i}
z— > ds
ke{3i} ° . t ot t
3 3 Jdf > disy,<z< X d;s
S odist— > d's! ket jii} ke i}
ke(ji} « ke{3i} ° «
—t
28~ 2 -
SR f > disi<z< Xdjs
Zatjslt( — 3 dist ke{ i} ke{ i}
ke{j.i} ke{ j,i} !
0 otherwise
J o~ X)= ’
ﬂké{z.i)DES[i( ) ; t t t —t ;
a if Xs,andandd, =d, =d« fork =t, j
ke{ j,i}
1 if z= X g‘jsﬁ
ke{ j.i}
0 Jf z= X gj.s;
ke{ j.i}
if >s.=0
ke{ j.i}
1 if z=0
0 gf z#0
APPENDIX B

We know that M, (P(v,D) = f) is 1 within the first part of the formula, [1, A] within the second part, [A, 0]

within the third part, and 0 for the fourth part.
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Case LA
In this case, the possible value of M, (P(v,D) > f) is

J T
1 Jif f<REVY >'djxs| —h(u)
j=1 t=1
=~ = g f +h(u)
M, (P(v,D)> f)= Z:Z(d}—/ig‘j)xs‘j—(1—/1)xW . i ;o1
= — if REVY > d xs| —h(u)<f <REVY >d}xs} —h(u)
Z (dl —d‘- )>< st j=1 t=1 j=1 t=1
ey i = j

if3 is 1,due to maximization of f, f is

— J T
f=REVY D> d| xs|-h(u)
j=1t=1
if is smaller than 1 (not equal to zero), then

M, (P(v,D)=f)=p
ii(dj—ﬂgtj)xsj—(l 2)x 1+ h(u)
= REV
=> 3 T =p
ZZ(d;—d‘J)xsj
B REV(D D (dj—adj)xs|,— B> > (d}—dj)xs!)
—~F < j=1 t=1 j=1 t=1 -h(u)

Due to maximization of f

J T J T
REV(Y (0 - 40 s - B3 3°(0} - d) ) xs))
:>? _ j=1t=1 j=1t=1 _ h(u)
1-1

Case2:A =B

In this case, the possible value of M, (P(v,D) = f) could be any of four parts. However, due to
maximization, the value would be

$ 3G s W)
J i T sy
- o & REV

> = =1 =1 =
M, (P(v,D)=T)= 2 =/
(dj —d!)xst

-

M:_.
tv14

=N

t=

=N

=
Hence the value of f is

ZZ(HE ~db)xst)-h(u)

j=1t=1

f= REV(ZJ:iH‘,-xs;—

j=1t=1

Therefore, maximum f can be represented by:

B

REV(2 2 (dj —2dj)xsj— g3 > (dj—d))xs))
== Eas “h(u),if 1< p QED:

-2
J T —t
REV(D> > 'djxs|—

j=1t=1

—|
[
[

Zz(a‘j—d;)xsg)—h(u) if 1>/

j=1t=1

NN
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